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A SIMPLE KONTINUITA¨TSSATZ
CHANDAN BISWAS
Abstract. We are interested in several informal statements referred as “Kontinuita¨tssatz”
in the recent literature on analytic continuation. The basic (unstated) principle that
seems to be in use in these works appears to be a folk theorem. We provide a precise
statement of this folk Kontinuita¨tssatz and give a proof of it.
1. Introduction and statement of results
In several recent papers on the subject of analytic continuation — see [3, 4, 1], for
instance — one comes across versions of an informal lemma referred as “Kontinuita¨tssatz”
or “the continuity principle”. The various conclusions deduced from it are obtainable from
the following general principle:
(∗) Let Ω be a domain in Cn, n ≥ 2, let {Dt}t∈[0,1] be an indexed family of smoothly
bounded open sets in C, and let Ψt : Dt → Cn−1 be maps such that Ψt ∈ H(Dt)∩
C(Dt) for each t ∈ [0, 1]. Assume that the Dt’s vary continuously with t in some
appropriate sense such that Γ := ∪t∈[0,1](Dt × {t}) forms a “nice” compact body:
such that (C × (0, 1)) ∩ ∂Γ is a smooth submanifold with boundary, for instance.
Also assume that F : Γ→ Cn−1 given by F (ζ, t) := Ψt(ζ) is continuous. Suppose
we know that:
i) {(ζ,Ψt(ζ)) : ζ ∈ ∂Dt} ⊂ K, for some compact set K ⊂ Ω for each t ∈ [0, 1];
ii) Graph(Ψ0) ⊂ Ω and Graph(Ψ1) * Ω.
Then there exists a neighbourhood V of Graph(Ψ1) ∪K and a neighbourhood W
of K, K ⋐ W ⊂ Ω ∩ V , such that for each f ∈ H(Ω) there exists a Gf ∈ H(V )
and Gf |W ≡ f |W .
Here, if D is an open set then H(D) denotes the class of holomorphic functions or maps
on D.
The statement (∗) per se is not new. But, to the best of my knowledge, there does
not seem to be a proof of (∗), in that generality, in the literature (also, the reader is
directed to Remark 1.2 below). Of course, (∗) is easy to derive in special cases. If
Graph(Ψt) ∩ Graph(Ψs) = ∅ for s 6= t, then (∗) is classical. If Dt = D, a fixed planar
region, for each t ∈ [0, 1], then the above can be deduced by analytically continuing an
H(Ω)-germ (see Section 2 for a definition) along the path t 7→ (ζ,Ψt(ζ)) for a fixed ζ ∈ D.
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When the Dt’s vary, but still assuming Graph(Ψt) ∩ Graph(Ψs) = ∅ for s 6= t, (∗) follows
from Behnke’s work [2].
When Graph(Ψt)∩Graph(Ψs) 6= ∅ for some t 6= s, we must worry about multivaluedness.
This motivates us to ask whether the maps idDt×Ψt can be “lifted” into the envelope of
holomorphy of Ω continuously in the parameter t ∈ [0, 1]. Intuitively, this seems possible.
However, note that as Dt varies with t, the Dt’s do not even have to be conformally
equivalent to each other. In this generality, rigorously producing such a “lifting” is not
entirely effortless. It would thus be nice to have an argument written up for this.
To summarise: it appears that (∗) in the above generality is folk theorem (the remark
following Theorem 1.1 is relevant here). The aim of this work is to give a proof of (∗)
(or rather, a slight generalization of it) after making precise some of the loosely-stated
assumptions in (∗).
Some notation: if S ⊂ C× [0, 1], we shall use tS to denote the set {ζ ∈ C : (ζ, t) ∈ S}.
Theorem 1.1. Let Ω be a domain in Cn, n ≥ 2. Let Γ be a compact body in C × [0, 1]
such that ∂∗Γ := (C× (0, 1)) ∩ ∂Γ is a (not necessarily connected) C2-smooth submanifold
with boundary. Assume that the sets
Dt :=
{
t(Γ◦), if t ∈ (0, 1),
( tΓ) ∩
(
C \ t(∂∗Γ)
)
, if t = 0, 1,
are domains in C with C2-smooth boundaries for each t ∈ [0, 1], and that the set-valued
function [0, 1] ∋ t 7−→ Dt is continuous relative to the Hausdorff metric (on the space of
compact subsets of C). Let K be a compact subset of Ω and suppose there is a continuous
map Ψ : Γ→ Cn with the following properties:
1) For each t ∈ [0, 1], Ψt := Ψ(·, t) ∈ H(Dt) ∩ C(Dt);
2) ∪t∈[0,1]Ψt(∂Dt) = K and Ψt(Dt) ∩K = ∅ for each t ∈ [0, 1];
3) Ψ0(D0) ⊂ Ω and Ψ1(D1) * Ω;
4) For each t ∈ [0, 1], Ψt is a continuous imbedding and Ψt|Dt is a holomorphic
imbedding.
Then there exists a neighbourhood V of Ψ1(D1)∪K and a neighbourhood W of K satisfying
K ⋐ W ⊂ Ω ∩ V such that for any f ∈ H(Ω), there exists Gf ∈ H(V ) such that
Gf |W ≡ f |W .
Remark 1.2. Theorem 1.1 would follow as a special case of a Kontinuita¨tssatz-type result
by Chirka and Stout [5]. However, there are gaps in their proof. From Theorem 3 of the
paper [6] by Jo¨ricke and Porten, one can construct an example showing that the Chirka–
Stout Kontinuita¨tssatz is erroneous. In his thesis, L. Nobel [9] has given an alternative to
the Chirka–Stout statement. However, the proof of Nobel’s (unpublished) result requires a
considerable amount of machinery. Thus, an elementary proof in the set-up of Theorem 1.1
would be desirable. We note that in the very special case when Dt = D (the open unit disc
in C) for every t, the assertion of Chirka–Stout can be deduced without much machinery.
We refer the reader to [10] by Nobel for a precise statement in this simple set-up.
Two observations on the geometry of Γ in Theorem 1.1 are in order. The assumption
that the boundary components of the slicesDt are C
2-smooth curves is to alert the reader to
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the fact that we require ∂Dt to have no isolated points, i.e. punctures inDt, or components
with nodal singularities (whose appearance in some Dt0 would indicate a change in the
homtopy type of the Dt’s as t varies in a neighbourhood of t
0). With this being clear, we
could have stated that the Dt’s are domains with C
∞-smooth boundaries with no loss of
generality. Note that the hypotheses of Theorem 1.1 do not preclude Ψs(Ds)∩Ψt(Dt) 6= ∅
for some t 6= s. This actually happens in the papers cited above. We therefore have to
control against multivaluedness — which would require considerably more machinery than
is used in Section 3 (and much, much lengthier arguments) if, for instance, the Dt’s were
allowed to have punctures. Secondly: we point out to the reader how easy it is in the case
of [1] to choose a compact body Γ — wherever a Kontinuita¨tssatz is invoked in [1] — that
has the geometry given in Theorem 1.1 and delivers the authors’ conclusion.
In this proof, we shall use the notation (Ω˜, p, j) to denote the envelope of holomorphy of
Ω, where p is the canonical local homeomorphism into Cn that gives Ω˜ the structure of an
unramified domain spread over Cn and j : Ω →֒ Ω˜ is an imbedding such that p ◦ j ≡ idΩ.
The only machinery that our proof of Theorem 1.1 requires is Thullen’s construction of
the envelope of holomorphy of Ω [8, Chapter 6, Theorem 1]. All other elements of our
proof are elementary and developed from scratch.
Now, the usefulness of the Kontinuita¨tssatz is that it gives us information about p(Ω˜).
Generally, we have very little information about how Ω˜ looks. But, if we have explicit
information about the pair (Ω,K) occuring in Theorem 1.1, then we gain information
about p(Ω˜). In our proof of Theorem 1.1, an explicit description of V , in terms of Ω,K
and Ψ1(D1), is obtained.
If we have slightly more information about (Ω˜, p, j) than is available in Theorem 1.1,
then it should be possible to relax some of the conditions on the family {Ψt}t∈[0,1]. For
example: could we drop the requirement that Ψt, t ∈ [0, 1], be imbeddings ? This leads to
our next theorem.
Theorem 1.3. Let Ω be a domain in C2, and let (Ω˜, p, j) denote the envelope of holomor-
phy of Ω. Let Γ be a compact body having exactly the same properties as in Theorem 1.1
and let the domains Dt, t ∈ [0, 1], be the same as in Theorem 1.1. Let K be a compact
subset of Ω and suppose there is a continuous map Ψ : Γ→ C2 satisfying (1), the first part
of (2), and (3) of Theorem 1.1. Let us assume that p is injective on p−1(Ω). Then there
exists an open set V ⊃ Ψ1(D1) ∪ Ω such that for each f ∈ H(Ω), there exists Gf ∈ H(V )
such that Gf |Ω ≡ f .
Both theorems require a description of Thullen’s construction of the envelope of holo-
morphy. This is provided in Section 2. Also, we require a lifting result for the family
{Ψt}t∈[0,1]. We state and proof this result in Section 3.
2. Notations and terminology
We begin this section by observing that if Ω is a domain in Cn, then the envelope of
holomorphy always exists. This was shown by Thullen — see Chapter 6, Theorem 1 in
[8]. Thullen’s construction depends on the sheaf of S-germs on Cn, denoted here as O(S).
Given a point a ∈ Cn, an S-germ at a is the equivalence class of the objects (U, φs : s ∈ S),
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where U is an open set containing a; {φs : s ∈ S} is a family of functions, holomorphic on
U , that are indexed by S; and
(U, φs : s ∈ S) ∼ (V, ψs : s ∈ S) ⇐⇒ there exists a neighbourhood W of a,
W ⊂ U ∩ V such that φs|W ≡ ψs|W for all s ∈ S.
The collection of all S-germs at a is denoted by Oa(S), and O(S) := ∪a∈CnOa(S). We
refer the reader to the first few pages of Chapter 6 of [8] for the definition of O(S) and
the topology upon it that turns (O(S), p,Cn) into an unramified domain spread over Cn
(here p denotes the sheaf projection, i.e. p(x) = a ⇐⇒ x ∈ Oa(S)).
We note here that since the letter O will denote certain types of sheaves, we shall use
H(Ω) to denote the class of holomorphic functions on the domain Ω.
The case that is important for us here is when S = H(Ω). Thullen’s proof of the
existence of the envelope of holomorphy (Ω˜, p, j) is to realise this object as a subset of
the sheaf O(H(Ω)). We summarise this construction as follows. Note: throughout this
paper, if (U, φf : f ∈ H(Ω)) is a representative of an H(Ω)-germ at a, we shall denote
that germ as [U, φf : f ∈ H(Ω)]a. We shall denote the canonical extension of f to Ω˜,
f ∈ H(Ω), as Ff .
(i) Ω˜ is realised as the connected component of O(H(Ω)) (i.e. the sheaf of H(Ω)-germs
of holomorphic functions) containing the (connected) set {[Ω, f : f ∈ H(Ω)]a : a ∈
Ω}.
(ii) Given any f ∈ H(Ω), the function Ff is defined on Ω˜ as follows. Each point x ∈ Ω˜
is an H(Ω)-germ, so there exists a neighbourhood U , containing a = p(x) ∈ Cn,
such that x = [U, φg : g ∈ H(Ω)]a . Then Ff (x) := φf (a).
The next two definitions are pertinent on any unramified domain (X, p0,Cn) spread
over Cn. In what follows, the notation Dn(a, r) will denote the polydisc
Dn(a, r) := {z ∈ Cn : |zj − aj| < r, j = 1, . . . , n}
centered at the point a = (a1, . . . , an).
Definition 2.1. Let (X, p0,Cn) be an unramified domain spread over Cn. Let a ∈ X. A
polydisc of radius r about a is a connected open set U, a ∈ U , such that p0|U is an analytic
isomorphism onto the set Dn(b, r); here b = p0(a) = (b1, b2 . . . , bn). We denote the set U
by P (a, r). The maximal polydisc about a is the union of all polydiscs about a.
As suggested by the last sentence above, the maximal polydisc is itself a polydisc about
a, and its radius
r0 = sup{r > 0 : P (a, r) is a polydisc about a}.
See [8, Chapter 7, Lemma 4] for details.
Definition 2.2. Let (X, p0,Cn) be an unramified domain spread over Cn. Let a ∈ X.
The radius of the maximal polydisc about a is called the distance of a from the boundary
of X and is denoted by dX(a). If A ⊂ X, we set
dX(A) := infa∈AdX(a)
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3. A fundamental proposition
In this section, we shall prove a proposition that allows us to tackle both Theorem 1.1
and Theorem 1.3 within the same framework. We point out to the reader that an essential
part of the proof of the proposition below depends on the structure of Thullen’s construc-
tion of the envelope of holomorphy (Ω˜, p, j). The other important fact that we use is the
Cartan–Thullen characterisation of a domain of holomorphy.
Result 3.1 (Cartan–Thullen). Let (X, p0,Cn) be an unramified domain over Cn. If X is
a domain of holomorphy, then, for any compact K ⋐ X, dX(K) = dX(K̂X).
In the above result, K̂X denotes the holomorphically convex hull of K. Recall that
K̂X := {x ∈ X : |f(x)| ≤ supK |f | for all f ∈ H(X)}.
We make one small notational point. In this section, if z = (z1, . . . , zn) ∈ Cn, then
‖z‖ := max{|z1|, . . . , |zn|}.
Proposition 3.2. Let Ω be a domain in Cn, n ≥ 2, and let (Ω˜, p, j) denote the envelope
of holomorphy of Ω. Let K be compact subset of Ω. Let Γ be a compact body in C× [0, 1]
having exactly the same properties as in Theorem 1.1. Let Ψ : Γ → Cn be a continuous
map satisfying conditions (1), the first part of (2), and (3) from Theorem 1.1. Then, for
each t ∈ [0, 1], there exists a continuous map Ψ˜t : Dt → Ω˜ such that p ◦ Ψ˜t ≡ Ψt and
satisfies Ψ˜t(ζ) = [Ω, f : f ∈ H(Ω)]Ψt(ζ) for every ζ ∈ ∂Dt.
Proof. Define the set
S :={t ∈ [0, 1] : ∃ Ψ˜t′ : Dt′ → Ω˜, Ψ˜t′ ∈ C(Dt′), p ◦ Ψ˜t′ ≡ Ψt′ and
Ψ˜t′(ζ) = [Ω, f : f ∈ H(Ω)]Ψt′ (ζ) for all ζ ∈ ∂Dt′ and for all t
′ ∈ [0, t]}.
We shall show that S is both open and closed in [0, 1] and S 6= ∅. To begin, define
Ψ˜0 : D0 → Ω˜ by
Ψ˜0(ζ) := [Ω, f : f ∈ H(Ω)]Ψ0(ζ) for all ζ ∈ D0. (3.1)
Since Ψ0(D0) ⊂ Ω, (3.1) is well-defined. Continuity is easy. Therefore 0 ∈ S.
Let τ = supS. By the definition of S we have that [0, τ) ⊂ S. So to show that S is
closed it is therefore enough to show that τ ∈ S. For this purpose, let us consider the
envelope of holomorphy, (Ω˜, p, j). We recall an important aspect of the construction of Ω˜
(given at the beginning of Section 2). For each f ∈ H(Ω), its canonical extension to Ω˜ is
described as follows:
(∗∗) For each point x ∈ Ω˜, which is an H(Ω)-germ, let a = p(x) ∈ Cn and let U be
a neighbourhood of a such that x = [U, φg : g ∈ H(Ω)]a. Then Ff (x) = φf (a) =
φf (p(x)).
Claim: If t ∈ S, then Ψ˜t(Dt) ⊂ (K̂∗)Ω˜ where K
∗ = j(K).
Proof of claim: Let F ∈ H(Ω˜). As p ◦ Ψ˜t = Ψt, both p and Ψt are holomorphic, and
p is a local isomorphism (biholomorphism) we have Ψ˜t ∈ H(Dt) (by the definition of
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holomorphicity of maps with values in an unramified domain spread over Cn). Therefore
F ◦ Ψ˜t ∈ H(Dt) ∩ C(Dt). Let ζ ∈ Dt. By the maximum modulus principle
|F (Ψ˜t(ζ))| = |F ◦ Ψ˜t(ζ)| ≤ sup∂Dt |F ◦ Ψ˜t| = supΨ˜t(∂Dt) |F | ≤ supK∗ |F |, (3.2)
because Ψ˜t(∂Dt) ⊂ K
∗ (this is a consequence of property (i), stated in Section 2, of the
envelope of holomorphy). Thus Ψ˜t(Dt) ⊂ (K̂∗)Ω˜. Hence the claim.
For any ζ ∈ Dt and t ∈ S, let us denote
Ψ˜t(ζ) = [U
t,ζ , φt,ζf : f ∈ H(Ω)]Ψt(ζ) (3.3)
where U t,ζ is some neighbourhood of Ψt(ζ) and φ
t,ζ
f ∈ H(U
t,ζ).
In what follows, we shall abbreviate d
Ω˜
(K∗) to d(K∗). There exists an ǫ > 0, a priori
ǫ = ǫ(t, ζ), such that all the H(Ω)-germs in the definition below makes sense and the open
set
N (ǫ, t, ζ) := {[U t,ζ , φt,ζf : f ∈ H(Ω)]a : a ∈ D
n(Ψt(ζ), ǫ)} (3.4)
is contained in Ω˜. As Ω˜ is a domain of holomorphy, it follows from the above claim
and from the Cartan–Thullen Theorem that P (Ψ˜t(ζ), d(K
∗)) ⊂ Ω˜ for all t ∈ S and for
all ζ ∈ Dt. Here P (Ψ˜t(ζ), d(K
∗)) is as explained in Definition 2.1. It follows from the
observation following Definition 2.1 that p|P (Ψ˜t(ζ), d(K∗)) is invertible. Thus, the functions
Φt,ζf := Ff ◦ (p|P (Ψ˜t(ζ), d(K∗)))
−1 (3.5)
are holomorphic functions on Dn(Ψt(ζ), d(K
∗)). Given our description (∗∗) above of the
construction of Ff , the above statement gives us the following equality of H(Ω) germs:
[U t,ζ , φt,ζf : f ∈ H(Ω)]Ψt(ζ) = [D
n(Ψt(ζ), d(K
∗)), Φt,ζf : f ∈ H(Ω)]Ψt(ζ).
We summarise this as the following:
Fact 1: For any t ∈ S and ζ ∈ Dt, (D
n(Ψt(ζ), d(K
∗)), Φt,ζf : f ∈ H(Ω)) is a represen-
tative of the H(Ω)-germ Ψ˜t(ζ), where Φ
t,ζ
f is the function given by (3.5).
Given this fact, the open set N (ǫ, t, ζ) makes sense for any number ǫ such that 0 < ǫ ≤
d(K∗), and is contained in Ω˜ for all ζ ∈ Dt, for all t ∈ S. Furthermore, it will be
understood that, for the remainder of this proof, U t,ζ = Dn(Ψt(ζ), d(K
∗)) and φt,ζf = Φ
t,ζ
f
whenever referring to the representation (3.3) for Ψ˜t for t ∈ S.
As Ψ : Γ→ Cn is a continuous map and Γ is compact, there exists δ > 0 such that for
(ζ, t1), (η, t2) ∈ Γ,
|(ζ, t1)− (η, t2)| < δ ⇒ ‖Ψt1(ζ)−Ψt2(η)‖ < d(K
∗), (3.6)
where, for any (ζ, t) ∈ C× [0, 1], |(ζ, t)| :=
√
|ζ|2 + t2.
In the following argument D(a,R) will denote the disc in C with centre a and radius
R. For t ∈ [0, 1] and α > 0, set At,α := {ζ ∈ C : dist[ζ, ∂Dt] < α}. By our hypotheses:
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• As ∂Dt is C
2-smooth, for each t ∈ [0, 1] there exists an ǫ > 0, which depends on t,
such that for each z ∈ At,ǫ there is a unique closest point in ∂Dt, and such that
each connected component of ∂Dt is a strong deformation retract of the component
of At,ǫ containing it. Let ǫ
∗ = ǫ∗(t) be the largest ǫ > 0 for which At,ǫ has these
properties.
• By the properties of ∂∗Γ, given α > 0 small, there exists a δ∗ = δ∗(α, t) > 0 such
that At,ǫ∗(t)−α/2 ⊂ As,ǫ∗(s) and ∂Ds ⊂ At,α/2 for every s ∈ [0, 1] ∩ [t− δ∗, t+ δ∗].
From this, it follows that ǫ∗ is lower semicontinuous. It now follows from compactness of
[0, 1] and an elementary argument that there exists a constant r, 0 < r ≤ δ, such that for
each t ∈ [0, 1] and each ζ ∈ Dt, D(ζ, r) ∩ Dt is connected. Let us now fix a t ∈ S. By
continuity, there exists a constant δt, 0 < δt ≤ r, depending only on t, such that
η ∈ D(ζ, δt) ∩Dt ⇒ Ψ˜t(η) ∈ N (d(K
∗), t, ζ).
Therefore
η ∈ D(ζ, δt) ∩Dt ⇒ Ψ˜t(η) = [U
t,ζ , φt,ζf : f ∈ H(Ω)]Ψt(η). (3.7)
Let us now fix ζ ∈ Dt. Set A(t, ζ) := D(ζ, r) ∩ Dt. Due to connectedness, for any
x ∈ A(t, ζ), there is a finite chain of discs ∆1,∆2, . . . ,∆N(x) of radius δt and points
ζ = y0, y1, . . . , yN(x) = x such that
yj = centre of ∆j+1, yj+1 ∈ ∆j+1 ∩A(t, ζ) for j = 0, 1, . . . , N(x)− 1.
Suppose we have been able to show that for any x ∈ A(t, ζ) that can be linked to ζ by a
chain of at most M discs in the above manner, we have
Ψ˜t(x) = [U
t,ζ , φt,ζf : f ∈ H(Ω)]Ψt(x).
Now let z ∈ A(t, ζ) be a point that is linked to ζ by a chain ∆1,∆2, . . . ,∆M+1 of discs of
radius δt in the above manner. In keeping with the above notation, let yM be the centre
of ∆M+1. By our inductive hypothesis
Ψ˜t(yM ) = [U
t,ζ , φt,ζf : f ∈ H(Ω)]Ψt(yM ).
By the representation (3.3) and the fact that U := U t,ζ ∩U t,yM is convex (see the remarks
following Fact 1),
φt,ζf |U ≡ φ
t,yM
f |U for all f ∈ H(Ω). (3.8)
Now applying (3.7) to the pair (yM , z), we get
Ψ˜t(z) = [U
t,yM , φt,yMf : f ∈ H(Ω)]Ψt(z)
= [U, φt,ζf : f ∈ H(Ω)]Ψt(z),
which follows from (3.8) and the fact that, as |z− yM | < δt ≤ δ, Ψt(z) ∈ U . From the last
equality, we get Ψ˜t(z) = [U
t,ζ , φt,ζf : f ∈ H(Ω)]Ψt(z). Given (3.7), mathematical induction
tells us that we have actually established the following:
Fact 2: For any t ∈ S and ζ ∈ Dt,
φt,ζf |X(ζ,η) ≡ φ
t,η
f |X(ζ,η) for all f ∈ H(Ω), (3.9)
and for any η ∈ Dt such that |η − ζ| < r, where X(ζ, η) = U
t,ζ ∩ U t,η.
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Now we have that {Dt}t∈[0,1] is a continuous family (hence a uniformly continuous
family) with respect to the Hausdorff metric. From uniform continuity, the fact that
[0, τ) ⊂ S, and from the properties of ∂∗Γ, we can find a t0 ∈ S such that (τ − t0) ≤ r/4
and such that
Dτ ⊂ B(Dt0 , r/4), ∂Dτ ⊂ B(∂Dt0 , r/4),
where, given a set E ⊆ C and C > 0, B(E,C) := ∪ζ∈ED(ζ, C). Let ζ ∈ Dτ . Then there
exists x(ζ) ∈ Dt0 such that |ζ − x(ζ)| < r/4. Define
Ψ˜τ (ζ) := [U
t0,x(ζ), φ
t0,x(ζ)
f : f ∈ H(Ω)]Ψτ (ζ).
As r ≤ δ, it follows from Fact 1 and (3.6) that Ψ˜τ (ζ) ∈ Ω˜.
Claim: The function Ψ˜τ : Dτ → Ω˜ is well-defined and continuous.
Proof of claim: Let ζ ∈ Dτ . Suppose x(ζ), y(ζ) are two different points in Dt0 such that
|ζ − x(ζ)| < r/4, |ζ − y(ζ)| < r/4. Then |x(ζ) − y(ζ)| < r/2. As (τ − t0) ≤ r/4, it follows
from (3.6) that Ψτ (ζ) ∈ U
t0,x(ζ) ∩ U t0,y(ζ). Therefore, by (3.9)
[U t0,x(ζ), φ
t0,x(ζ)
f : f ∈ H(Ω)]Ψτ (ζ) = [U
t0,y(ζ), φ
t0,y(ζ)
f : f ∈ H(Ω)]Ψτ (ζ).
Therefore Ψ˜τ is well-defined.
We now pick a ζ ∈ Dτ and fix it. By the construction of the topology on Ω˜, given any
neighbourhood G of Ψ˜τ (ζ) in Ω˜, there exists ǫ ∈ (0, d(K
∗)), sufficiently small, such that
N (ǫ, τ, ζ) ⊂ G. Now let 0 < ǫ < d(K∗). Since Ψτ : Dτ → Cn is continuous there exists
σ = σ(ǫ), with σ(ǫ) ∈ (0, r/4), such that if |η−ζ| < σ, η ∈ Dτ , then Ψτ (η) ∈ D
n(Ψτ (ζ), ǫ).
Let η ∈ Dτ such that |η − ζ| < σ. There exists x(η) ∈ Dt0 such that |η − x(η)| < r/4.
Therefore |x(ζ) − x(η)| < 3r/4. Recall that (τ − t0) ≤ r/4. Therefore, applying (3.6)
and (3.9) we get [U t0,x(ζ), φ
t0,x(ζ)
f : f ∈ H(Ω)]Ψτ (η) = [U
t0,x(η), φ
t0,x(η)
f : f ∈ H(Ω)]Ψτ (η).
Therefore Ψ˜τ (η) ∈ N (ǫ, τ, ζ) whenever |ζ − η| < σ and η ∈ Dτ . By the remarks at the
begining of this paragraph, Ψ˜τ is continuous at ζ. As ζ is an arbitrary point of Dτ we
have that Ψ˜τ is continuous. Hence the claim.
By definition of Ψ˜τ , p ◦ Ψ˜τ ≡ Ψτ . For all x ∈ ∂Dt0 , Ψ˜t0(x) = [Ω, f : f ∈ H(Ω)]Ψt0(x).
Since ∂Dτ ⊂ B(∂Dt0 , r/4), for any ζ ∈ ∂Dτ , there exists an x(ζ) ∈ ∂Dt0 such that
ζ ∈ D(x(ζ), r/4). By the argument in the first part of the previous claim, Ψ˜τ (ζ) = [Ω, f :
f ∈ H(Ω)]Ψτ (ζ) for all ζ ∈ ∂Dτ . This implies that τ ∈ S.
We have established that S is closed.
The above method for showing that τ ∈ S tells us more. As [0, 1] ∋ t 7−→ Dt is
uniformly continuous relative to the Hausdorff metric, and as ∂∗Γ is smooth, there exists
a constant δ′ > 0 such that
|t− s| < δ′ ⇒ H(Dt,Ds) < r/4,
0 < (t− s) < δ′ ⇒ ∂Dt ∈ B(∂Ds, r/4),
whereH denotes the Hausdorff metric and r is exactly as fixed above. Let δ∗ := min(δ′, r/4).
The same argument, with appropriate replacements where necessary, shows that if t0 ∈ S,
then τ ∈ S for each τ ∈ [t0,min(1, t0 + δ
∗)). Therefore S is both open and closed. We
have shown that 0 ∈ S. Hence S = [0, 1], which completes the proof. 
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4. The proof of the main theorems
The proof of Theorem 1.1. By Proposition 3.2 we have that there exists Ψ˜1 : D1 → Ω˜, a
continuous map such that p ◦ Ψ˜1 ≡ Ψ1 and Ψ˜1(∂D1) ⊂ K
∗. The condition p ◦ Ψ˜1 ≡ Ψ1
actually implies that Ψ˜1 ∈ H(D1), by the definition of holomorphicity of maps with values
in an unramified domain spread over Cn. Thus, as argued in the proof of Proposition 3.2,
Ψ˜1(D1) ⊆ (K̂∗)Ω˜. Therefore, by Result 3.1, P (Ψ˜1(ζ), d(K
∗)) ⊆ Ω˜ for all ζ ∈ D1. Let us
define for any r > 0,
ω(r) := {ζ ∈ D1 : dist[ζ, ∂D1] > r}.
Claim: There exists ǫ0 ∈ (0, dΩ(K)/4) such that if ζ, η ∈ D1, and D
n(Ψ1(ζ), ǫ0) ∩
Dn(Ψ1(η), ǫ0) 6= ∅, then
either Dn(Ψ1(ζ), ǫ0) ∪D
n(Ψ1(η), ǫ0) ⊂ ∪z∈Ψ1(∂D1)D
n(z, dΩ(K)) ⊂ Ω,
or (Dn(Ψ1(ζ), 2ǫ0) ∩D
n(Ψ1(η), 2ǫ0) ∩Ψ1(D1) 6= ∅ and
Dn(Ψ1(x), 2ǫ0) ∩Ψ1(D1), x = ζ, η, is path-connected.) (4.1)
Proof of claim: Let us fix an ǫ˜ ∈ (0, dΩ(K)), whence D
n(z, ǫ˜) ⊆ Ω for all z ∈ K. As Ψ1 is
continuous on D1, which is a compact set, there exists δ > 0 such that Ψ1(D1 \ ω(2δ)) ⊂
∪z∈Ψ1(∂D1)D
n(z, ǫ˜/4). By construction we see that for any ǫ ∈ (0, ǫ˜/4], if ζ ∈ D1 \ ω(2δ)
and η ∈ D1, then
Dn(Ψ1(ζ), ǫ) ∩D
n(Ψ1(η), ǫ) 6= ∅
=⇒ Dn(Ψ1(ζ), ǫ) ∪D
n(Ψ1(η), ǫ) ⊂ ∪z∈Ψ1(∂D1)D
n(z, dΩ(K)) ⊂ Ω. (4.2)
The above statement remains true when ζ and η are interchanged.
Let us view Cn as a Hermitian manifold with T (Cn) as the holomorphic tangent space
equipped with the standard Hermitian inner product 〈. , .〉std on each TpCn, p ∈ Cn. Let
NΨ1 := the normal bundle of Ψ1(D1) with respect to 〈. , .〉std.
Let π denote the bundle projection. It is well known that for any relatively compact
subdomain ∆ ⋐ D1, there exists r∆ > 0, such that, if we define:
N(Ψ1, r∆) :=
⋃
p∈Ψ1(∆)
{v ∈ NΨ1 |p : 〈v, v〉std < r
2
∆},
then the map Θ(v) := π(v) + v is a holomorphic imbedding of N(Ψ1, r∆) into Cn.
Write ∆ := ω(δ/2) and ω := ω(δ). Since Ψ1(ω) is a compact subset of Cn, there exists
an ǫ0 ∈ (0, ǫ˜/4) so small that:
• Dn(z, ǫ0) ∩ (∪w∈KD
n(w, ǫ0)) = ∅ for all z ∈ Ψ1(ω);
• Dn(z, 2ǫ0) ∩Ψ1(D1) is path-connected for all z ∈ Ψ1(∆);
• Dn(z, 2ǫ0) ∩Ψ1(∆) ⋐ Ψ1(∆) (with respect to the relative topology on Ψ1(∆)) for
all z ∈ Ψ1(ω);
• Dn(z, ǫ0) ⊆ Θ(N(Ψ1, r∆)) for all z ∈ Ψ1(ω); and
• π ◦Θ−1(z) ∈ Dn(p, 2ǫ0) ∩Ψ1(∆) for all z ∈ D
n(p, ǫ0) and for all p ∈ Ψ1(ω)
(recall that Θ : N(Ψ1, r∆)→ Cn). The first condition relies on our assumption on K.
Now suppose ζ 6= η ∈ Ψ1(ω) andD
n(ζ, ǫ0)∩D
n(η, ǫ0) 6= ∅. Let w ∈ D
n(ζ, ǫ0)∩D
n(η, ǫ0).
Then, as Θ is an imbedding, there is a unique v ∈ N(Ψ1, r∆) such that Θ(v) = w. By our
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construction π(v) = π ◦Θ−1(w) ∈ Dn(ζ, 2ǫ0) ∩D
n(η, 2ǫ0) ∩Ψ1(∆). Combining this with
the statement culminating in (4.2), we have the claim.
Write:
V :=
(
∪ζ∈D1D
n(Ψ1(ζ), ǫ0)
)
∪ (∪z∈KD
n(z, ǫ0)) , W := ∪z∈KD
n(z, ǫ0).
Clearly, W ⊂ V ∩ Ω as ǫ0 < dΩ(K) and V * Ω as Ψ1(D1) ⊆ V . Let us use the
notation (3.3) to represent Ψ˜1(ζ) (which is an H(Ω)-germ). We have established in the
proof of Proposition 3.2 — see Fact 1 stated in Section 3 — that there is a representative
(U1,ζ , φζf : f ∈ H(Ω)) of Ψ˜1(ζ) such that U
1,ζ = Dn(Ψ1(ζ), d(K
∗)). Given any f ∈ H(Ω),
define Gf : V → C by
Gf (z) :=
{
φζf (z), if z ∈ D
n(Ψ1(ζ), ǫ0),
f(z), if z ∈ Dn(θ, ǫ0) for some θ ∈ K \Ψ1(D1).
Here, for simplicity of notation, we write φζf := φ
1,ζ
f .
We shall prove that the function Gf is well-defined on V . To start with, let us assume
that for some z ∈ V , z ∈ Dn(Ψ1(ζ), ǫ0)∩D
n(Ψ1(η), ǫ0), where ζ 6= η. We make use of the
claim above. We see from the proof of this claim that if any one of ζ or η is in D1 \ω(2δ),
then the other point is sufficiently close to (or on) ∂D1 to imply, by Proposition 3.2, that
φζf = f = φ
η
f . By the proof of the above claim, we see that it remains to consider those
(ζ, η) that lead to the outcome (4.1) above. In this situation, there exists τ ∈ D1 such that
Ψ1(τ) ∈ D
n(Ψ1(ζ), 2ǫ0) ∩D
n(Ψ1(η), 2ǫ0). The same argument that leads to Fact 2 stated
in the proof of Proposition 3.2 can be used to show the following analogue of Fact 2:
Fact 2′: For any t ∈ [0, 1] and ζ ∈ Dt, if Aζ := the path-component of Ψ
−1
t (U
t,ζ)
containing ζ, then
φt,ζf |X(ζ,η) ≡ φ
t,η
f |X(ζ,η) for all f ∈ H(Ω) and for all η ∈ Aζ ,
where X(ζ, η) = U t,ζ ∩ U t,η.
Since 2ǫ0 < dΩ(K) ≤ d(K
∗), Ψ1(τ) ∈ U
1,x, x = ζ, η. Furthermore, under the condition
(4.1), we see that
τ lies in the connectected component of Ψ−11 (U
1,x) containing x, x = ζ, η,
since Ψ1 is an imbedding. From Fact 2
′, we deduce that
φζf |U1,ζ∩U1,τ ≡ φ
τ
f |U1,ζ∩U1,τ , φ
η
f |U1,η∩U1,τ ≡ φ
τ
f |U1,η∩U1,τ ,
for all f ∈ H(Ω). Therefore there is a neighbourhood N of Ψ1(τ) such that
φζf |N ≡ φ
η
f |N . (4.3)
As X := Dn(Ψ1(ζ), 2ǫ0) ∩ D
n(Ψ1(η), 2ǫ0) is connected, by (4.3) we have φ
ζ
f |X ≡ φ
η
f |X .
Therefore φζf (z) = φ
η
f (z).
Note that there is no problem if z ∈ Dn(θ1, ǫ0) ∩ D
n(θ2, ǫ0), θ1 6= θ2 ∈ K \ Ψ1(D1).
Hence, we consider the case when z ∈ Dn(Ψ1(ζ), ǫ0)∩D
n(θ, ǫ0), where ζ ∈ D1 and θ ∈ K.
In this case, the first condition among those determining ǫ0 implies that ζ ∈ D1 \ ω(δ).
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Thus, the argument for well-definedness is exactly as in the first few lines of the last
paragraph. This completes the proof of well-definedness.
By the construction of Gf on V , we have, given that z ∈ D
n(θ, ǫ0) for some θ ∈ K,
Gf (z) = f(z). Therefore Gf |W ≡ f |W . Finally, by the fact that holomorphicity is a local
property, we conclude that Gf ∈ H(V ). 
We now turn to the proof of Theorem 1.3. For this purpose, we need a result by Jupiter.
Result 4.1 (Jupiter). Let Ω be a domain in C2, and let (Ω˜, p, j) be its envelope of holo-
morphy. If p is injective on p−1(Ω), then p is injective on Ω˜. In other words, if Ω˜ is
schlicht over Ω, then Ω˜ is schlicht.
The proof of Theorem 1.3. By Result 4.1, p : Ω˜→ C2 is an injective map. As p is a local
biholomorphism, p(Ω˜) is an open connected set in C2 and p−1 is a holomorphic map on
it. Let us write
V :=
⋃
z∈Ψ1(D1)
Dn(z, dΩ(K)) ∪ Ω.
We have V * Ω, since Ψ1(D1) * Ω.
As dΩ(K) ≤ d(K
∗) and Ψ˜1(D1) ∈ (K̂∗)Ω˜, the Cartan–Thullen Theorem gives V ⊂ p(Ω˜).
Thus, if for any f ∈ H(Ω), we define Gf : V → C by
Gf := Ff ◦ p
−1,
then Gf ∈ H(V ) and Gf |Ω ≡ f . 
Remark 4.2. Note that we could have taken V = p(Ω˜) in the above proof. But we want to
highlight the fact that the Kontinuita¨tssatz is a means of deducing information about p(Ω˜)
when very little is known about the geometry of Ω˜. The spirit of Theorem 1.3 is that, while
we know very little about the finer geometric properties of Ω˜, this theorem shows what we
can learn about p(Ω˜) if we have a little extra information about (Ω˜, p, j). In applications
of Theorem 1.3 and Theorem 1.1, it is understood that we have good information about
the pair (Ω,K). It is in keeping with this spirit that we chose V as above.
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